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Abstract 

In this paper we introduce a new and large family of configurations whose toric 
ideals possess quadratic Grobner bases. As an application, a generalization of alge- 
bras of Segre- Veronese type will be studied. 



< 

: 1 Introduction 

Let K[t] = K[ti, . . . ,td]he the polynomial ring over a field K. A finite set A of monomials 
of K[t] is called a configuration of K[t] if there exists a nonnegative vector {wi, . . . , Wd) G 
^ ! ]R>o such that X]f=i '^J^i^'i = 1 for all t"' ■ ■ ■ t'^'' G A. Let A be a configuration of K[t]. We 
^ I associate A with the homogeneous semigroup ring K[A] which is the subalgebra of K[t] 
^ ' generated by the monomials of A. Let K[X] = K[{xm \ M G A}] denote the polynomial 
ring over K in the variables xm with M E A, where each deg(xM) = 1- The toric ideal 
^ ■ Ia of A is the kernel of the surjective homomorphism tt : K[X] K[A] defined by 
00 ! setting tt^xm) = M for all M E A. It is known that the toric ideal Ia is generated by 
^ ' the binomials u — v, where u and v are monomials of with 7i{u) = 7i{v). Moreover, 

since A is a configuration, I a is generated by homogeneous binomials. See, e.g., |Stul 
^X^ ■ Section 4]. 

■ A fundamental question in commutative algebra is to determine whether K[A\ is 

Koszul. A Grobner basis Q is called a quadratic Grobner basis if Q consists of quadratic 
homogeneous polynomials. Even though it is difficult to prove that K[A] is Koszul, the 
hierarchy (i) =^ (ii) =^ (iii) is known among the following properties: 

(i) Ia possesses a quadratic Grobner basis. 

(ii) K[A] is Koszul; 

(iii) Ia is generated by quadratic binomials. 

However both (ii) =^ (i) and (iii) =^ (ii) are false in general. One can find counterex- 
amples for them in [OHlt Examples 2.1 and 2.2]. 

Let A be a configuration of a polynomial ring K[t] = K[ti, . . . with d variables. 
For each i = 1,2, d, let Bi = {m^-^\ . . . , my} be a configuration of a polynomial ring 
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i^'[u*^*)] = K[u^^\ . . . , u^iH] with fii variables. The nested configuration arising from A and 
Bi, is the configuration 

A{Bi, ...,Bd):= jmj.;^^ ■ ■■ml^^ | I < r e Z, ti, ■ ■ ■ ti^ e A, 1 < jk < k] 

of a polynomial ring K[u^^\ . . . , u^'')]. The main result of the present paper is as follows: 

Theorem 13.61 Work with the same notation as above. If the toric ideals I a, Ibi, ■ ■ ■ , Ib^ 
possess quadratic Grobner bases, then the toric ideal lA{Bi,...,Bd) possesses a quadratic 
Grobner basis. 



In addition, in Section 4, we study a quadratic Grobner basis of the toric ideal of 
A{Bi, . . . , Bd) where A comes from a Segre- Veronese configuration. 



2 Motivation from statistics 

In this section we present a statistical problem, which motivates a generalization of Segre- 
Veronese configuration considered in our previous paper [AHOT]. 

We consider nested selection of groups and items from the groups. For example, con- 
sider an examination on mathematics which consists of J groups of problems (e.g. algebra, 
geometry and statistics) and each group j consists of ruj individual problems. For simplic- 
ity let J = 3 and rrij = 3. Label the nine individual problems as Al, A2, A3, Gl, G2, G3 
and SI, S2, S3. Suppose that each examinee is asked to choose two groups of problems and 
then Cj = 2 problems from each chosen group j. Then there are 27 patterns of selections 
of four problems as (A1,A2,G1,G2), (Al,A3,Gl,G2), (A2,A3,G1,G2), . . . ,(G2,G3,S2,S3). 
Now as a simple statistical model suppose that each problem is chosen according to its 
own attractiveness, independent of the choices of other problems within the same group 
as well as the choice of other group. Let gAi, (1A2, ■ ■ ■ , Q'ss denote the attractiveness of each 
problem. Then the probabilities of the selections are expressed as 

Prob(Al,A2,Gl,G2) = cq AiqA2qGiqG2, 

Prob(G2, G3, S2, S3) = cgG2gG3?S2gs3, 

where c is the normalizing constant so that the 27 probabilities sum to one. Now associate 
a configuration A to the semigroup ring 

K{qAiqA2qGl(lGl, ■ ■ ■ , 9G2QG39S2?S3i), 

which is a subring of the polynomial ring K{qAi, qx2, ■ ■ ■ , qss) in nine variables. A system 
of generators of the toric ideal for I a, such as the reduced Grobner basis, is required 
for statistical test of this model. This example corresponds to A{Bi, B2, B^) where A = 
{^1^2, ^1^3, ^2^3} and Bi, B2, -B3 are copies of A with different variables. 



2 



Enumeration of different selections becomes somewhat more complicated if the same 
item can be chosen more than once ("sampling with replacement"). Suppose that a 
customer is given two (identical) coupons, which allow the customer to go to one of 
several shops and buy two items at a discount at the shop. Buying the same item twice is 
allowed. For simplicity suppose that there are only two shops A,B and they sell only two 
different items {Al, A2} and {Bl, B2}, respectively. A person may buy Al four times, 
by going to the shop A twice and buying Al twice each time. Or a person may buy each 
of Al, A2, Bl, B2 once. Note that in this scheme it is not possible to buy three items 
from shop A and 1 item from shop B. Again we can think of a statistical model that the 
relative popularity of selections is explained entirely by the attractiveness of each item. 
This corresponds to Example l3.4l below. where Al = u^^\ A2 = ^2^'', Bl = u^^\ B2 = u'^\ 

Note that in the above examples we can also consider recursive nesting of subgroups. 



3 Nested configurations 

In this section, we introduce an effective method to construct semigroup rings whose toric 
ideals have quadratic Grobner bases. 

Let A be a configuration of a polynomial ring K[t] = K[ti, . . . with d variables. 
For each i = 1 , 2 d, let Bi = {mi \ . . . , m^^^_} be a configuration of a polynomial ring 

uW . . . , u[ij] with /Zj variables. The nested configuration arising from A and 
Bl, Bd is the configuration 

A{Bi, ...,Bd):= {mf;^ ■ ■■mf'^ | 1 < r G Z, t,, ■ ■ ■ t,, G A, 1 < < A,,} 
of a polynomial ring 

Example 3.1. If Bi = jm^j for a\\ 1 < i < d, then we have K[A{Bi, Bd)] ^ K[A]. 

Example 3.2. Let A = {t^} and let Bi = {ui, . . . ,u\} be the set of variables. Then 
K[A{Bi)] is rth Veronese subring of the polynomial ring = K[ui, . . . , u\]. 

Example 3.3. Let A = {titz} and let Bi = {u^^\ . . . ,u^^^} and B2 = {uf\...,uf^} 
be the sets of variables. Then K[A{Bi, B2)] is the Segre product of the polynomial rings 
K[Bi] = K[u'^^\ 4^)] and KlB^] = K[uf\ tig]. 

Let 1] be the cardinality of A{Bi, . . . , Bd) and set A{Bi, . . . , Bd) = {Mi, . . . , M^}. Let 
K[x] = K[xm^, ■ ■ ■ ,xmJ 

^[y] = -^[{?/ii--jr}l<r-eZ, ii<-<ir, tij-ti,,eA] 

i^[z«] = K\zf\...,z^] {t = l,2,...,d) 

be polynomial rings. The toric ideal I a is the kernel of the homomorphism tcq : K[y] — > 
K[t] defined by setting TToiUh-ir) = The toric ideal 7^- is the kernel of the 
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homomorphism tTj : i^[z(*)] — > /^[u*^*)] defined by setting 'Ki{z^^'^) = m^j \ The toric ideal 
lA{Bi,...,Ba) is the kernel of the homomorphism tt : K[x] — > K[u^^\ . . . jU^"^^] defined by 
setting TT (xm) = M. 

Let Qi be a Grobner basis of Ib^ with respect to a monomial order <j for 1 < i < d. 
For each M e A{Bi, . . . , Bd), the expression M = rri~-^^ ■ ■ ■ rn]^^ is called standard if 



is a standard monomial with respect to Qj for all 1 < j < d. 
Example 3.4. Let A = {tl,tit2,tl}, 



(1) 
m\ = 


K>)^ 


(1) 

777.2 




(1) 
7773 = 


(2) 




(2) 
"^2 




(2) 
"^3 = 



S2 = {777?) = (t.^))' , 777?) = uf^T.?), 777?) = (77?^' ' 



Then ^2) consists of the monomials 



»S") . (»S") 4". (4") (4") .«S" (4") , (4") , 
(4")'(uf')',(uS")^f'uf,(«S")'(«f)' 



and, with respect to any monomial order, 



Go 


= {^11^/22 - 


-912}. 






- (4")n 


Q2 







are Grobner bases of 



I A = (yiiZ/22 - y?2> > 

-'Si — ^3 - 1^2 ) 

r _ /J2) (2) . (2).2 

-'B2 — \ 2^1 - (,2:2 ) 
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respectively. Let >o be a lexicographic order induced by yu >o yu >o ?/22 and let a 
lexicographic order induced by >i z^"* >i 2^3* "* for i = 1,2. For example, 

has two expressions, that is, M = m^^^m'"^^ and M = (^m^2^^ ■ Since z^'' z^'' is not 
standard and (2:2^'*)^ is standard with respect to ^1, M = m^i^m^;^^ is not a standard 
expression and M = ^mg^-* j is a standard expression. 

In order to study the relation among I a, Ib, and /^(Bi,...,^^)' define homomorphisms 
(fo : K[x] — > K[y] , (po ( ) = Vh- 



■Ir 1 



: -^M > ^[z^-'^] , (/^j (2^„{n)...^(«.) ) = n 

\ h ir J 

where tn^jf' ■ ■ ■ "m^jj^^ is the standard expression defined above. For example 



^1 

is not but Example 13.41 Throughout this paper, we order the monomials 

of A{Bu . . . , Sd) as A{Bu . . . , 5^) = {Mi, . . . , MJ where 

TTo O ipo{xM^) >lex " " " >lex T^O ° Vo{Xm,,) (*) 

with respect to the lexicographic order <iex induced by ti > ■ ■ ■ > t^. 

Lemma 3.5. Let f be a binomial in K[:s]. Then the following conditions are equivalent: 

(i) / e lA{Bi,...,Ba); 

(ii) ^iif) e Ib, for alll<i<d. 
Moreover, if the above conditions hold, then we have ifo{f ) G Ia- 

Proof. Let / = x" — x^. Since tt{xm) = M = Y['j=i'^j ° '■Pji^M) and each VTj o ipj(xM) 
belongs to /^[u*^-'^], we have 

/ e Ja(b„...,b,) = ker(7r) « 7r(x") = 7r(x0 

d d 
^ JJ TTj- O if^ (X") = JJ IX j O (x'^) 

<^=^ TTj O (/?j(x") = TTj O (/9j(x^) for all 1 < j < d 

<^=^ TTj o (pj{f) = for all 1 < j < d 

<^=^ G ker(7rj) = Ib^ for all 1 < j < (i. 
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Thus (i) (ii) holds. 

Recall that Jr is homoEreneous for all 1 < i < d. If M = ml*^'' ■ ■ ■ m^^''\ then 



deg{(pj{xM)) 



Hence we have 



^,{f)elB, foralll<j<d 
^ deg(¥7j(x°)) = deg((/?j(x^)) for all 1 < j < (i 

^ vro o ^o(x") = n t^^"^-^^"^^ = n = ^0 o ^o(x'^) 

^ ipo{f) e ker(7ro) = 

as desired. □ 

Theorem 3.6. Suppose that the toric ideals I a, Ibi, ■ ■ ■ , ^b^ possess quadratic Grobner 
bases Qq, Qi,...,Qd with respect to <q, <i,...,<d respectively. Then the toric ideal 
lA{Bi,...,Ba) possesses the reduced Grobner basis Q consisting of all binomials of the form 
XM^XMf, - xm^xms where = mj^'^mj*^^ ■ ■■m!'-^\ Ms = mf^^mf^^ ■ ■ ■mff'^ with -y < 5 
and 

'^ji.XM^XMp) fj{xM^XMs) for each j = 0,1, . . . ,d, (1) 

tx = k^ ^ Jx<i>. /or 1 < A < r, 1 < /i < s. (2) 

The initial monomial of xm^xm^ — xm^xms is XM^XMp- 

Example 13.41 (continued). The reduced Grobner basis Q in the statement of Theorem 
13.61 consists of 105 binomials. For example, 



^ ^ ^2 

X (1) (1)X (2) (2) — X (1) (2) 
rrij i«2 ™2 "^2 

X (1) (i)X (1) (2) — X (1) (1)3; (1) (2) 
mj^ 'rrtj ' 'rrtj rrtj ' m)^ "^2 

X (1) (1)X (1) (2) — X (1) (1)X (1) (2) 
m, mi m, mi m, mi mi mi 

mj^ 'mj m^ 'mj^ ' mj mj 



belong to ^ and the initial monomial is the first monomial for each binomial. 

Proof of Theorem \3.(A Let xm^xm^ — xm^^xms ^ G- Thanks to the condition (1) above, 
we have ipji^XMaXM^,) — VjixM^XMs) ^ ^Bj for all 1 < j < d. By virtue of Lemma [231 we 
have XM^XMp - xm^xms e lA{Bi,...,Bd)- Thus ^ is a subset of lA(Bi,...,Ba)- 
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Since the reduction relation modulo Grobner bases are Noetherian, |Stul Theorem 
3.12] guarantees that there exists a monomial order such that the monomial XM^^Mf, is 
the initial monomial for each XM^^Mfi — xm^xm^ G Q. 

Suppose that there exists a binomial Q ^ u — v & lA{Bi,...,Ba) such that neither u nor v 
is divided by the initial monomial of any binomial in Q. By virtue of Lemma 1, we have 
<fo{u) — (fo{v) G I A and ipi{u) — ^Pi{v) G J^- for dX\ 1 < i < d. Hence ipi{u) — ifi{v) — ^ 
for all < z < d. Moreover, since neither u nor v is divided by the initial monomial of 

any binomial in Q, we have ifi{u) — ^ ifi{u) and — ^ ^Pi{v). Thus ifi{u) = ifi{v) for 
all < i < d. By virtue of ifo{u) = ifo{v) and our convention (*), 

U = XMi^ -^Mi^ ■ ■ ■ ^Mip 1 
V = Xm.i Xm.i ■ ■ ■ XUfi } 

where 1 < < ■ ■ ■ < < ?], 1 < < ■ ■ ■ < < and 

iVlPc Tfl; Tfl; • • • , 

Mf = mL m,^ ■ ■ ■ m, ^ . 
Since ¥?j('u) = ^j{v) for all 1 < i < rf, we have 

n = n 



Thanks to the condition (2), we have 

H,q = k',q'^ i<i' ^ h,q < h',q'- 
Hence M^^ = M^^ for all 1 < < p. Thus we have u = v and this is a contradiction. □ 

Example 3.7. In the definition of a nested configuration, we assumed that each Bi and 
Bj have no common variable. If B^ and Bj have a common variable for some 1 < i < 
j < A, then Theorem 13.61 does not hold in general. For example, if ^ = {^1^4, ^2^5; ^a^e}; 
Bi = {ui}, B2 = {U2}, B3 = {us}, B4 = {vi,V2}, B5 = {v2,V3} and Bq = {^1,^3}, then 
Ia(Bi,...,b^) is a principal ideal generated by a binomial of degree 3. 

4 Nested configurations arising from Segre— Veronese 
configurations 

A typical class of semigroup rings whose toric ideal possesses a quadratic initial ideal is 
algebras of Segre- Veronese type defined in |0H2l lAHOTj . Fix integers r > 2 and n and 
sets of integers b = {61, . . . , c = {ci, . . . , Cn}, p = {pi, . . . ,Pn} and q = {gi, • • • , g^} 
such that 
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(i) < Cj < bi for all 1 < z < n; 

(ii) 1 < Pi < Qi < d for all 1 < z < n. 

Let AT-b,c,r,s C K[ti, ■ ■ ■ ,td] denote the set of all monomials 11^=1 '^j^^ such that 

(i) E •=! = ^• 

(ii) Ci < Z%p, fj < bi for all 1 < z < n. 

Then the affine semigroup ring -R'[v4T-b,c,r,s] is called an algebra of Segre-Veronese type. 

Several popular classes of semigroup rings are algebras of Segre-Veronese type. If 
n = 2, r = 2, 6i = 62 = ci = C2 = 1, j?i = 1, P2 = <?! + 1 and q2 = d, then the affine 
semigroup ring i^[AT,b,c,r,s] is the Segre product of polynomial rings K[ti, . . . ,tg^] and 
. . . ,td]. On the other hand, if n = d, Pi = qi = i, bi = t and Cj = for all 
I < i < n, then the affine semigroup ring i^[v4T- b,c,r,s] is the classical rth Veronese subring 
of the polynomial ring K[ti, . . . , t^]. Moreover, ii n = d, pi = Qi = i, bi = 1 and q = for 
all 1 < i < 77,, then the affine semigroup ring i^[AT.b,c,r,s] is the rth squarefree Veronese 
subring of the polynomial ring K[ti, . . . ,td]. In addition, algebras of Veronese type (i.e., 
n = d, Pi = Qi = i and Q = for all 1 < i < n) are studied in [DeHij and |Stuj . 

Let K[X] denote the polynomial ring with the set of variables 



^ < jl < j2 < ■ ■ ■ < jr < d, Y[ tjk ^ ^r,b,c,r,s 



k=l 



The toric ideal -^^A^bcrs i^ kernel of the surjective homomorphism vr : K[X] — > 
-f^[^T,b,c,r,s] defined by ■K{xj^j^...j^) = YYk=i'^jk- ^ monomial 
is called sorted if we have 

ll < mi < ■ ■ ■ < < ^2 < ^2 ^ ■ ■ ■ ^ ^2 < ■ ■ ■ < It ^ fT^T < ■ ■ ■ < ''^T- 

Let sort(-) denote the operator which takes any string over the alphabet {1,2, ... ,d} and 
sorts it into weakly increasing order. 

The squarefree quadratic Grobner basis of the toric ideal Ia^ b c r s i^ given as follows. 

Theorem 4.1 ( [Stut [UH2| IAHOT] ) . Work with the same notation as above. Let Q be the 
set of all binomials 

•^£l£2---£T'^'>Tiim2---mr ■^nin3---n2T—i'^n2n4---n2T 

where 

Then there exists a monomial order on K[X] such that Q is the reduced Grobner basis of 
the toric ideal -^^A^bcrs- initial ideal is generated by squarefree quadratic (nonsorted) 
monomials. 
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By virtue of Theorem 13.61 if all of A, Bi, . . . , Bd are arising from Segre- Veronese 
configurations, then the toric ideal of the nested configuration A{Bi, . . . ^B^) possesses 
a quadratic Grobner basis. Although the following Grobner basis is different from that 
Theorem 13.61 guarantee, the proof is similar. 

Theorem 4.2. // K[A\ is an algebra of Segre- Veronese type, and if the toric ideals 
Ib^i . . . , Ibj, possess the reduced Grobner basis Qi, then the toric ideal lA(Bi,...,Ba) possesses 
a quadratic Grobner basis Q consisting of all binomial of the form 

a _ f3 _ _ 

31 J3 J2r-1 J2 34 32r t\ ^3 ^2r-l ^2 *4 '2t- 

where x" is the initial monomial and 



kik2---k2r = SOrt(2iZ2 ■ ■ ■«2r), (3) 

(^^•(x") ^ ipj{^^) for each I < j < d, (4) 
k, = ki+i =^ h<h^x (l<2<2r-l). (5) 



Moreover, if the initial ideal of is square free for alii, then the initial ideal of Ia(Bi,...,b^) 
is squarefree. 



Proof. By virtue of Lemma 13. 5[ ^ is a subset of lAiBi,...,Ba)- Since both the sorting 
operation and the reduction relation modulo Grobner bases are Noetherian, there exists 
a monomial order such that the first monomial x" is the initial monomial. 

Suppose that there exists a binomial u — v & ^A{Bi,...,Bd) such that neither u nor v 
is divided by any initial monomial of Q. Let 

^ ~ ^ (n) (»p+l) (»(r-l)p+l)^ (i2) (»p+2) (*(r-l)p+2) ■ ■ ■ ^^(«p)^('2p) ^(«rp) 

m m- ■■■m- m m- ■■■m- m- m- ---m- 

31 3p+l J{r-l)p+l 32 3p+2 3(r~l)p+2 3rp, 



By virtue of Lemma 13.51 we have 

sort(«ii2 ■ ■ ■ Vp) = sort(/ciA;2 ■ ■ ■ Kp)- 
Thanks to the condition (3), we have 

ZiZ2 ■ ■ ■irp = sort(«i«2 ■ ■ ■ Vp) = sort(A;i/c2 ■ ■ ■ Kp) = kik2 ■ ■ ■ Kp. 

Hence iq = kg for all 1 < g < rp. By virtue of Lemma [331 we have (pj{u) — (pj{v) G Ib for 
each 1 < i < d. Since each Qi consists of quadratic binomials and thanks to the condition 
(4), ipj{u) = fj{v) for each 1 < i < d. Hence 

n -t'= n i'-'- (6) 
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Thanks to the condition (5) together with (6) above, jq = iq for all 1 < g < rp. Thus we 
have u = V and this is a contradiction. 

Suppose that the initial ideal of Ib^ is squarefree for all i and that x (j^) (i^) (tr)"^ 

belongs to the initial ideal of lA{Bi,...,Ba)- Then 
belongs to ^. Thanks to the condition (3), we have 

g = x (,) (,) fe, X 

Since 5' 7^ 0, there exists k such that jk 7^ ^2A;- Thanks to the condition (5), we have 



Hence by the condition (4), 

"fik (^m('i)m('2)...m("-'^) = '^^ ( ^ m^^^^ m^^^'> -m^^^^ 

\ 31 32 Jr J y Jl 32 3r 

belongs to the initial ideal of Ib,, ■ Since the initial ideal of Ib^ is squarefree, 



'1 m m ^ ■■■m^. ' 

31 32 3r 

belongs to the initial ideal of Ib^- This contradicts that tpk is defined with a standard 
expression. Thus the initial ideal of lA{Bi,...,Ba) is squarefree. □ 

Example 4.3. Let A = {tj} and Bi = {ui,U2,U3}. Then 

MBi) = {ul, U1U2, U1U3, ul, M2%, uj}. 
The reduced Grobner basis in Theorem 13.61 consists of the binomials 

■^UlU2 Xy2Xy2 
■^UlU-i ~ Xy2Xy2 

■^U2U3 -^U^-^ul 

rp rf rp n rp 

rp IT o T" T* 

'^UlU2'^ui 
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and the reduced Grobner basis in Theorem 14.21 consists of the binomials 





- 

•^UxU2 




- 




- X^ 

U2U3 












•^U\UZ'^U2UZ 



where the initial monomial of each binomial is the first monomial. 
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